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We examine the s t r e s s e s  which a r i s e  in an e las t ic  ha l f - space  when the sur face  of the l a t t e r  
is suddenly heated,  bear ing  in mind the r a t e s  of expansion-wave propagat ion  in an e las t ic  
med ium and the finite ra te  of heat  propagat ion .  

The dynamic p r o b l e m s  of t he rma l  e las t ic i ty  were  f i r s t  t r ea ted  in [1, 2], these paper s  devoted 
to the study of the s t r e s s e d  s tate  resul t ing  f r o m  the sudden heating of the plane surrounding an e las t ic  
h a l f - s p a c e .  These  p r o b l e m s  were  subsequently again cons idered  by Mura [3,4]  who apparent ly  was un-  
aware  of [1, 2]. Fur the r  invest igat ion of the dynamic p rob l ems  of t h e r m a l  e las t ic i ty  a r e  desc r ibed  in [5- 
9] and e lsewhere .  In each of these  r e f e r e n c e s  the t e m p e r a t u r e  field is  desc r ibed  with the Fou r i e r  equa-  
~on. 

It is demons t ra t ed  in [10, 11] that for  me ta l s  with a g rea t  t e m p e r a t u r e  gradient  there  ex i s t s  no c l a s -  
s ica l  re la t ionship  between the heat  flow and the gradient .  This indicates that the solutions of the h e a t - c o n -  
duction equation used in [1-9] do not co r r e spond  to the true t e m p e r a t u r e  field. For  the solution of the dy- 
namic  p r o b l e m s  of t he rm a l  e las t i c i ty  we the re fore  have to employ the new hyperbol ic  heat -conduct ion 
equation der ived  with cons idera t ion  of the finite ra te  of heat  propagat ion  [12-15]. 

Le t  us consider  an e las t ic  ha l f - space  at a t e m p e r a t u r e  To; the t e m p e r a t u r e  field [15] is desc r ibed  
by the equation 

OT (z, t) a O~T (z, t) O~T (z, t) 
Ot + c2, Ot ~ - a Oz 2 (1) 

At  the instant  t = 0 the sur face  t e m p e r a t u r e  of the ha l f - space  v a r i e s  jumpwise  to T c and then r ema in s  
constant .  To de t e rmine  the t e m p e r a t u r e  field we should solve Eq. (1) with the boundary conditions 

T(z ,  O ) = T o ,  OT(z,  O) _ 0 ,  T(O, t ) = T ~ .  (2) 
Ot 

To de te rmine  the s t r e s s e s  [16] we have to solve the equation 

O~(~= (z, t) 1 02(~  (z, t) 1 + ~t O2T (z, t) 
- - - -  p ( z - -  (3) 

Oz 2 c 2 O/~ 1 - -  ~ Ot ~ 

We will a s s u m e  that the ha l f - space  is init ially f ree  of s t r e s s e s  and that there  a re  no s t r e s s e s  on its 
su r face  as the body is heated .  The boundary conditions for  Eq.  (3) will then be 

%~(z, 0 ) = 0 ,  O(~=(z, O) = 0 ,  (~(0, t )=O.  (4) 
Ot 

Afte r  de te rmin ing  Crzz and T we can de te rmine  the remain ing  components  of the s t r e s s  t ensor  eas i ly  
f r o m  [16]: 

1 
- - -  { ~ , z - -  E ~  ( 7 - -  T o ) } .  ( 5 )  Ovx ~- GYY -- 1 - -  ~ 

Let  us introduce the following d imens ion less  quanti t ies:  

6 - -  a : z  (1  - -  2~t)  0 T - -  To ~ cz c2t c 
- , - , ~ = - - ,  M -  ( 6 )  

Ea (To--To) '  T c - - T o  a a %" 

Lenin Institute of Advanced Machine and E lec t r i ca l  Engineer ing ,  Sofia, Bulgar ia .  T rans l a t ed  f r o m  
Inzhene rno-F iz i chesk i i  Zhurnal ,  Vol. 16, No. 1, pp. 132-135, January ,  1969. Original  a r t i c le  submit ted  July 
29, 1968. 

�9 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 g/est 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced /or any purpose whatsoever without 
permission of the publisher. A copy o[ this article is available from the publisher for $15.00. 

101 



With the aid of (6) we can wr i te  Eqs .  (1)-(4) in the f o r m  

a o (~, "0 + M  S a ~o (~, "0 a ~o (~, 0 
& O~ 2 - . O~  ~ " 

o(~, o)=o, ao(~, O ) _ o  ' o(o, ~)=I ,  
Oc 

a~ (~, ~) a~o (~, ~) _ a~o (~, ~) 
O~ O~ &2 ' 

~ ( ~ , o ) = o ,  a~(~, 0) O, ~ ( 0 , ~ ) = o .  
O~ 

(7) 

(8) 

(9) 

(10) 

A f t e r  applying the Laplace  t r a n s f o r m  

g(~, s)= i 0 (~, ~) e-'~ d~ 
0 

to Eq .  (7), with c o n s i d e r a t i o n  of the boundary  condi t ions  (8) and of the fac t  that as  ~ ~ 0o the t e m p e r a t u r e  
m u s t  r e m a i n  bounded,  we find the image of the t e m p e r a t u r e ,  i .e . ,  

0-(~, s) = 1 exp [ - - ~ V - s ( l +  M:s)]. 

The reconversion leads to the following relationship: 

~K, i,[Vfx~ (2.2~)=]dx, 
0 {~' "0 = ~1 ('~--~M)exp ( - - ~ N - ) +  ~ ff exp ( - x )  __ o V x '  - -  (2~-) ' 

2M 

(11) 

(12) 

w h e r e  

After application of the Laplace transform 
r 

(~, s) ---- J" a (~, ~) e -'~ d~ 
o 

to Eq.  (9), with cons ide ra t i on  of the f i r s t  two condi t ions in (10), we have 

d2~(~, s) s~(~, s )=  s~0-(~, s). (13) 
d~ ~ 

Having subs t i tu ted  (11) into Eq.  (13) and bea r ing  in mind that ~-(0, s) = 0 and that as  ~ ~ r162 the s t r e s s e s  
m u s t  r e m a i n  bounded,  we find fo r  the images  

1 ~(~, s)= 
s ( 1 --M S) -  1 

R e c o n v e r s i o n  y ie lds  

(~, ~) = 

[exp (--~s)--exp [--~ V ' s ( ( l ~ - ]  ]. 

exp( z - - ~  Xl 

1 - -  M ~ ~1 ('~ - -  ~) - -  rl ('~ - -  7~M) exp 2M M ~ 1 } 

T/2M ~ 

1 - -  M 2 2M dx. 

(14) 

(15) 
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If the heat-propagation rate Cq is considerably greater than the rate of propagation for the elastic 
waves, we have M = 0 and the solution coincides with the data in [i] and [4]: 

(r (~, "~) = -q ('~ - -  ~) exp (-~ --  ~)-- ~-  ( 2 ~ - t -  ) + e - ~  ) ] .  (16) 
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N O T A T I O N  

is the t empera tu re ;  
is a coordinate;  
is the t ime; 
is the thermal  diffusivity; 
is the rate  of heat propagation;  
is the s t r e s s ;  
is the rate  of propagat ion for  the e las t ic  waves;  
is the Poisson rat io;  
is the coefficient  of thermal  expansion; 
is the mass  of the volume unit; 
is Young's modulus.  
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